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Abstract
This paper is the continuation of [P. Bayer, A. Rio, Dyadic exercices for octahedral extensions,
J. Reine Angew. Math. 517 (1999) 1–17], where, by solving successive local embedding problems,
we gave a description for all the Galois extensions of the dyadic field Q2 having as Galois group
a subgroup of S˜4, the double cover of the symmetric group S4 with matrix model GL2(F3). The
aim now is to obtain the complete chain of ramification groups for all of these extensions. As an
application of this exhaustive local study we describe explicitly the arithmetic of the prime 2 in
global S4 and S˜4 extensions.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction
We begin by recalling the extensions described in the first part of this work.
Proposition 1. There are 130 nontrivial Q2-isomorphism classes of Galois extensions
of Q2 having Galois group isomorphic to a subgroup G ⊆ S˜4. They are distributed in
the following way:
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We developed in [2] a method mainly consisting on solving successive local embedding
problems to determine them and gave explicit equations for them. The description finishes
now with the computation of the chain of ramification groups for each one of these local
extensions. We proceed again in successive related steps. In general, at each stage the infor-
mation provided by explicit equations is combined with the information about ramification
found in previous stages. We have numbered the tables as in [2], in order to make easy to
identify defining polynomials and corresponding ramification chains.
Here we use this exhaustive local study to describe all the decomposition types of the
prime 2 in global octahedral extensions. Other applications, concerning the computation
of Artin conductors of Galois representations ρ : Gal(Q¯/Q) → GL2(F3), can be found
in [4].
2. Ramification groups
Our aim is to determine the ramification of the 130 local extensions mentioned above.
We refer to [5, Chapter IV] for the definition of ramification groups and general facts about
them. These groups will be usually denoted just by Gi , i  −1, and we will specify the
corresponding extension only when necessary.
The groups Gi form a decreasing sequence of normal subgroups of G−1 and Gi =
{1} for i sufficiently large. The group G−1 = G is the Galois group of the corresponding
local extension, G0 is the inertia subgroup, and G1 is the 2-Sylow subgroup of G0. In
many cases we will have that G is a 2-group and therefore G1 = G0. In general, since
we use an inductive method to determine the extensions, the knowledge of ramification in
subextensions and, in particular, the knowledge of the maximal unramified subextension,
allows us to immediately determine the inertia group G0. Occasionally we will also use
the fact that G/G0 is a cyclic group.
As a general rule, we will denote v the standard valuation of Q2, dF the discriminant of
an extension F/Q2, and
d = v(dF ), e = eF/Q2
the valuation of the discriminant and the ramification index, respectively. Thus, if the ex-
tension has degree n, we will have n = |G−1|, e = |G0| and
d = n
e
∑
i0
(|Gi | − 1). (1)
This is a key relation in order to determine the ‘tail’ of the chain of ramification groups.
We list here further results concerning the ramification numbers, namely the ‘jumps’ in
the chain of ramification groups.
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(2) The integers i  1 such that Gi = Gi+1 are all congruent to one another modulo 2.
(3) If i > e, then Gi = {1}. If i = e, then Gi is either trivial or cyclic of order 2, the
latter case being only possible if i ≡ 0 (mod 2). If 0 < i < e and i ≡ 0 (mod 2), then
Gi/Gi+1 is either trivial or cyclic of order 2, the latter case being only possible if there
exists an integer h > 0 such that 2hi = e.
Finally, the last group of properties refers to the use of known ramification groups in
subextensions or relative extensions to obtain the groups we are looking for. Things are
easy when we take subgroups but more difficult when we take quotients, except if we deal
with one of the subgroups Gj .
(4) If H is a subgroup of G, the ramification groups of F/FH are Gi ∩H .
(5) If H is a normal subgroup of G and i ∈ {−1,0,1}, then the ith ramification group
of FH/Q2 is GiH/H . If H = Gj for some j  0, then the ramification groups are
Gi/H for i < j and trivial for i  j .
In order to get a numbering adapted to quotients, the upper numbering of the ramifica-
tion groups is defined (see [5, Chapter IV, §3]). In our context, it can be used sometimes
either as an alternative method to get information leading to the determination of the chain
or to test the correctness of the chain obtained.
3. Cyclic extensions
As we did in the previous work, the system of representatives of Q∗2/Q∗22 we take is
{±1,±2,±5,±10}. The unramified quadratic extension of Q2 is Q2(
√
5 ). The rest of
quadratic extensions have ramification index e = 2 and the computation of the discriminant
is all we need to determine the chain of ramification groups. On the other hand, we know
that the unique extension of Q2 of degree 3, namely Q2(ζ7), is unramified (see Table 1).
The cyclic extensions of degree 6 are Q2(
√
a, ζ7)/Q2, where a ranges over the system
of representatives given above. Since Q2(ζ7)/Q2 is unramified, the discriminant of such
an extension is (dQ2(√a ))
3 and the ramification index is the same as in Q2(
√
a )/Q2. The
unramified extension is Q2(ζ63) = Q2(
√
5, ζ7). Again, computing the values of d and e
allows us to determine the chain of ramification groups, which we show in Table 2.
Table 1
G = C2 and G = C3
Extensions d e G0,G1, . . .
quadratic 3 2 C2,C2,C2, {1}
2 2 C2,C2, {1}
0 1 {1}
cubic 0 1 {1}
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G = C6
d e G0,G1, . . .
9 2 C2,C2,C2, {1}
6 2 C2,C2, {1}
0 1 {1}
Table 3
G = C4
d e G0,G1, . . .
11 4 C4,C4,C4,C2,C2, {1}
6 2 C2,C2,C2, {1}
4 2 C2, C2, {1}
0 1 {1}
Table 4
G = C8
d e G0,G1, . . .
31 8 C8,C8,C8,C4,C4,C2,C2,C2,C2, {1}
22 4 C4,C4,C4,C2,C2, {1}
12 2 C2,C2,C2, {1}
8 2 C2,C2, {1}
0 1 {1}
The quadratic fields which can be embedded into a cyclic extension of degree 4 are
Q2(
√
2 ), Q2(
√
5 ), and Q2(
√
10 ). The liftings of Q2(
√
2 ) and Q2(
√
10 ) are totally ram-
ified extensions. The four extensions containing Q2(
√
5 ) have ramification index  2,
and Q2(
√
−10 − 2√5 ) is the unramified one. We compute discriminants from irreducible
polynomials of primitive elements and then, since Ge+1 = {1}, using (1) we determine the
ramification groups, which are given in Table 3.
The degree 8 cyclic extensions K˜/Q2 are obtained as solutions of Galois embedding
problems C8 C4 = Gal(K/Q2). Therefore, we have complete knowledge of ramification
in the quartic subextension. We distinguish the following cases, and show the results in
Table 4.
• When the quadratic subfield is different from Q2(
√
5 ) the extensions are totally ram-
ified. Since Gal(K˜/K) = C2, the unique subgroup of order two, this has to be one
of the ramification groups Gj , for example the last nontrivial one. Therefore, from
the known ramification groups in the quartic subextension K/Q2 we obtain the first
groups of the chain in K˜/Q2:
G0 = C8 ⊇ C8 ⊇ C8 ⊇ C4 ⊇ C4 ⊇ C2 ⊇ C2 ⊇ · · · .
In order to complete the chain, we compute the discriminants of the extensions from
defining polynomials. In some cases we deal with rational coefficients (and use [3])
or 2-Eisenstein polynomials. But in one nontrivial case the coefficients are properly
dyadic, and we use Newton polygon techniques to obtain the corresponding index. We
see that the discriminant is always 231 and we determine when the ramification groups
become trivial.
• The extension K˜ contains the unramified quadratic extension but not the unramified
quartic extension, which means that the ramification index is 4. Then the fifth ramifi-
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G = V4
d e G0,G1, . . .
8 4 V4,V4,C2,C2, {1}
6 2 C2,C2,C2, {1}
4 2 C2,C2, {1}
Table 6
G = H8
d e G0,G1, . . .
24 8 H8,H8,C4,C4,C2,C2,C2,C2, {1}
22 4 C4,C4,C4,C2,C2, {1}
cation group is trivial, and now the knowledge of the ramification in K/Q2 suffices to
determine the chain of ramification groups. From it we obtain the discriminant 222.
• About the four liftings of the unramified quartic field, we know that one is unramified
and the rest have ramification index 2. In two cases the Newton polygon techniques
give us the values e = 2 and d = 12, independently of the choice of sign for u =√−15. This data is enough to determine the ramification groups. For the other two
extensions, a choice of signs gives an extension with discriminant 28 while the other
is the unramified extension.
4. Biquadratic and quaternion extensions
The extensions of Q2 having Galois group the Klein group V4  C2 ×C2 are the seven
different biquadratic fields Q2(
√
a,
√
b ). Four of them do not contain Q2(
√
5 ) and are
thus totally ramified. The rest have ramification index 2. The ramification chains are given
in Table 5.
The quaternion extensions of Q2 are the liftings of the biquadratic extensions Q2(
√
2,√−5 ), Q2(
√−2,√5 ) and Q2(
√−2,√−5 ). The two of them containing Q2(
√
5 ) have
ramification index 4, since they do not contain the unramified extension of degree four.
The other extensions are totally ramified. Again, the kernel of the lifting is the unique
subgroup of order 2 and therefore one of the ramification groups. We proceed as in the first
two cases distinguished in the previous section for the cyclic extensions of degree 8. The
results obtained now can be seen in Table 6.
5. Dihedral and semi-dihedral extensions
The unique dihedral extension of degree 6 is Q2(
√
5, 3
√
2 ), has ramification index 3 and
discriminant (d
Q2(
3√2 ))
2
.
All the degree 12 dihedral extensions Ki/Q2 contain the unramified quadratic field.
Since the order 3 subgroup of D12 does not give a cyclic quotient, we always have ramifi-
cation index e = 6. Hence, the first ramification groups are G0 = Gal(Ki/Q2(
√
5 )) = C6
and G1 = C2. In order to determine the rest of the chain we compute the discriminants
dKi = d2Li , where Li/Q2 is a degree 6 extension, disjoint to Q2(
√
5 ), having normal clo-
sure Ki . Ramification chains for these two dihedral cases are in Table 7.
Since the dihedral group D8 has no normal subgroups of order 2 with cyclic quotient,
the corresponding dihedral extensions K˜ have ramification index 4 or 8 according to the
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G = S3 and G = D12
Extensions d e G0,G1, . . .
degree 6 4 3 C3, {1}
degree 12 22 6 C6,C2,C2,C2,C2,C2,C2, {1}
16 6 C6,C2,C2,C2, {1}
Table 8
G = D8
Extensions d e G0,G1, . . .
do not contain 24 8 D8,D8,C4,C4,C2,C2,C2,C2, {1}
Q2(
√
5 ) 22 8 D8,D8,V4,V4,C2,C2, {1}
contain 22 4 C4,C4,C4,C2,C2, {1}
Q2(
√
5 ) 16 4 V4,V4,C2,C2, {1}
12 4 V4,V4, {1}
quadratic field Q2(
√
5 ) being contained or not. When e = 4 the knowledge of d and the
inertia group G0 = Gal(K˜/Q2(
√
5 )) suffices to completely determine the chain of ramifi-
cation groups. As for the totally ramified extensions, we have the following possibilities:
• d = 22:
G0 = D8 ⊇ D8 ⊇
{
C4
V4
⊇
{
C4
V4
⊇ C2 ⊇ C2 ⊇ {1}.
• d = 24:
G0 = D8 ⊇ D8 ⊇
{
C4
V4
⊇
{
C4
V4
⊇ C2 ⊇ C2 ⊇ C2 ⊇ C2 ⊇ {1}
and we must determine the ramification group G2.
All the degree 8 dihedral extensions K˜ under consideration contain a quadratic field
κ = Q2(√c ), where c = −1 or c = −5; namely, a quadratic field such that the valuation
of its discriminant is 2. From the relation
d
K˜
= d 4κ Nκ/Q2(dK˜/κ)
we obtain that the valuation of Nκ/Q2(dK˜/κ) is 14 in the first case and 16 in the second. On
the other hand, the ramification groups of the relative extension K˜/κ are the intersection
of Gal(K˜/κ) with the ramification groups of the extension K˜/Q2. All together implies
G2 = Gal(K˜/κ), and we finally get the chains of Table 8.
Now, since we are going to consider liftings of this degree 8 extensions, we reset no-
tations and use K to indicate a field with Gal(K/Q2)  D8 and K˜ to indicate a quadratic
extension of K being Galois over Q2 with Galois group isomorphic to SD16.
178 A. Rio / Journal of Number Theory 118 (2006) 172–188Table 9
G = SD16
v(dF ) d e G0,G1, . . .
31 64 16 SD16,SD16,C8,C8,
4︷ ︸︸ ︷
C4, . . . ,C4,
8︷ ︸︸ ︷
C2, . . . ,C2, {1}
31 62 8 C8,C8,C8,C4,C4,C2,C2,C2,C2, {1}
28 58 16 SD16,SD16,H8,H8,C4,C4,
8︷ ︸︸ ︷
C2, . . . ,C2, {1}
27 58 16 SD16,SD16,D8,D8,C4,C4,
8︷ ︸︸ ︷
C2, . . . ,C2, {1}
24 48 8 H8,H8,C4,C4,C2,C2,C2,C2, {1}
22 48 8 D8,D8,C4,C4,C2,C2,C2,C2, {1}
18 36 8 H8,H8,C2,C2,C2,C2, {1}
16 32 8 H8,H8,C2,C2, {1}
In order to determine the chain of ramification groups of the degree 16 semi-dihedral
extensions (see Table 9), let us summarize the information coming from the D8 case, via
the Hasse diagram
K˜ = Q2(
√
b,
√
rγ )
F = Q2(√rγ ) K = Q2(
√
b,α)
E = Q2(α) L = Q2(
√
b,
√
a )
Q2(
√
ab ) Q2(
√
b ) Q2(
√
a ) = Q2(√dE )
Q2
where all the adjacencies correspond to quadratic extensions and
Gal
(
K˜/Q2(
√
b )
)= C8, Gal(K˜/Q2(√ab ))= D8, Gal(K˜/Q2(√a ))= H8.
The Galois closures of E and F are K and K˜ , respectively.
The dihedral extension K/Q2 has ramification index 4 or 8 according to Q2(
√
5 ) be-
ing contained or not. Since SD16 has no normal subgroup of order 4 with cyclic quotient,
a semi-dihedral extension cannot have ramification index 4. Hence, K˜/Q2 has e = 8 or
e = 16 according to Q2(
√
5 ) being contained or not. We remark that we have all the infor-
mation concerning discriminants, ramification indexes and ramification groups for all the
subfields of K˜ shown in the above diagram.
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cation number of the extension K˜/Q2. Namely, t is the number defined by the condition
Gt−1 = {1} and Gt = {1}.
This t is the unique ramification number of the quadratic extension K˜/K and the biggest
ramification number of the cyclic extension K˜/L. Here, we have another ramification num-
ber t1 and
{
Gi(K˜/L) = C4, if 0 i < t1,
Gi(K˜/L) = C2, if t1  i < t.
For the totally ramified extensions K˜/Q2 we have
d = 2v(dK)+ t = 4v(dL)+ 2t1 + t,
and when the ramification index is 8 we have
d = 2v(dK)+ 2t = 4v(dL)+ 4t1 + 2t.
From these equalities we obtain the value of t1. Since it has to be also a ramification number
of the semi-dihedral extension K˜/Q2, we know that t ≡ t1 (mod 2). Besides, t  e+ 1 and
Gi = C2 for t1  i < t .
Additional useful information is now provided by the discriminant of F . If e = 16 or
G0 = D8, then the extension K˜/F is ramified and d > 2v(dF ). Otherwise, d = 2v(dF ).
Finally, in the totally ramified cases we consider again the quadratic subfield κ =
Q2(
√
c ), where c = −1 or c = −5.
Taking all this into account, we treat the following cases:
• e = 16, v(dF ) = 31, Gal(K˜/κ) = C8.
In all these cases we have v(dL) = 8 and v(dK) = 24. Therefore, t1 = 8 and d = 48 +
t > 2v(dF ), with t even and t  17. This yields t = 16 and d = 64. Hence, we already
have
G0 = G1 = SD16, Gi = C2 for 8 i  15, and G16 = {1}.
For 2  i  7 the order gi can be 4 or 8, being g2 = g3, g4 = g5 and g6 = g7. From
d = 64 = 30 + (2g2 + 2g4 + 2g6 − 6) + 8 we obtain g2 + g4 + g6 = 16, so that there are
two groups of order 8 and four groups of order 4. These last ones must be cyclic and to
determine the first ones we consider the cyclic extension K˜/κ . Its ramification groups are
obtained cutting the groups Gi with C8. We see that d = 64 = 16 + (14 + 2|G2 ∩ C8| −
2 + 12 + 8), which gives |G2 ∩C8| = 8 and G2 = C8.
• e = 16, v(dF ) = 28, Gal(K˜/κ) = H8.
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the possible values for t are 14 and 16. We know that
G0 = G1 = SD16, and Gi = C2 for 6 i < t.
Therefore, d = 44 + t = 30 + 2(g2 + g4 − 2) + t − 6 and g2 + g4 = 12. That means
G2 = G3 and they are of order 8, while G4 = G5 and they are cyclic of order 4. By using
the quadratic field κ as before, we see G2 = G3 = H8. This implies that the chain of
ramification groups of K˜/F has length two and thus d = 2v(dF ) + 2 = 58, which finally
gives t = 14.
• e = 16, v(dF ) = 27, Gal(K˜/κ) = D8.
In this case we have also t1 = 6 and v(dK) = 22. Everything is analogous to the pre-
ceding one, the only difference being that the second and third ramification groups are D8.
This gives for K˜/F a chain of length 4 and therefore d = 2v(dF )+ 4 = 58.
• e = 8, v(dF ) = 24.
We have G0 = G1 = Gal(K˜/Q2(
√
5 )) = H8 and, since t1 = 4, Gi = C2 for 4 i < t .
On the other hand, v(dK) = 16 and thus d = 32 + 2t = 2v(dF ) = 48. Therefore, G2 =
G3 = C4 and the chain has length 8.
• e = 8, v(dF ) = 22.
Again t1 = 4 and v(dK) = 16. But now G0 = G1 = Gal(K˜/Q2(
√
5 )) = D8. From d =
32 + 2t > 2v(dF ) = 44, with t even and t  9 we get t = 8 and d = 48. The difference
with the previous case is just that G0 and G1 are dihedral instead of quaternion.
• e = 8, v(dF ) = 16 or 18.
Here
G0 = G1 = Gal
(
K˜/Q2(
√
5 )
)= H8, G2 = G3 = · · · = C2
and d = 24 + 2t = 2v(dF ). If v(dF ) = 16, then G4 = {1} and d = 32. When v(dF ) = 18,
then the first trivial ramification group is G6 and d = 36.
• e = 8, v(dF ) = 31.
Finally, we have
G0 = G1 = Gal
(
K˜/Q2(
√
5 )
)= C8, G5 = G6 = · · · = C2
and d = 2v2(dF ) = 62. This completely determines the ramification groups.
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Every extension of Q2 with Galois group isomorphic to S˜4 is obtained adjoining to Q2
the coordinates of the 3-torsion points of an elliptic curve Er . All these fields have the
S3-extension Q2(
√
5, 3
√
2 ) as subfield.
• Er : rY 2 = X3 + 3X + 2, r ∈ Q2/Q∗22 .
From this equation of Er we compute the quartic polynomial giving the first coordinates
of its 3-torsion points, which is X4 + 6X2 + 8X − 3. We denote K its splitting field. The
corresponding quartic field K1 has ramification index 4 and v(dK1) = 8. Using this and
the information coming from the subfield L = Q2(
√
5, 3
√
2 ) we obtain that K/Q2 has
ramification index 12 and that v(dK) = 52. Hence, the ramification index of the extensions
K˜r is 24, the inertia group is G0 = A˜4 and G1 = H8. The other ramification groups will be
either quaternion or cyclic of order 2.
Let t be the biggest ramification number and t1 the ramification number corresponding
to the jump from H8 to C2. Considering the extensions K˜/K and K˜/L we obtain d =
104 + 2t = 32 + 2(6t1 + t) and thus t1 = 6. The length of the chain of groups will be an
even t in the range 8  t  24. In order to determine t we compute the valuation of the
conductor of the elliptic curves Er , which is always 7, and the Kodaira type, which is II
if r = ±1 and I ∗2 if r = ±2.
From the results in [1] we know that the exponent of 2 in the Artin conductor of the
representation given by the Galois action on Er [3] will be also equal to 7. Therefore,
7 =
t−1∑
i=0
|Gi |
e
dimF3
(
Er [3]/Er [3]Gi
)
.
Since all the Gi contain the center of S˜4, a group acting via homotheties, we have
dimF3 Er [3]Gi = 0. Then, 7 = (24 + 40 + 2(t − 6))/12 which gives t = 16 and d = 136.
This completely determines the chain of ramification groups.
• Er : rY 2 = X3 − 3X + 1, r ∈ Q2/Q∗22 .
Now the quartic field K1 is given by the polynomial X4 − 6X2 + 4X − 3, has ramifica-
tion index 4 and v(dK1) = 4. Hence, the Galois closure K/Q2 has ramification index 12,
and v(dK) = 28. For the S˜4-extension, we have again e = 24, G0 = A˜4 and G1 = H8.
Proceeding as in the first case, we get d = 56 + 2t = 32 + 12t1 + 2t , therefore t1 = 2,
G2 = C2 and the length t is even and in the range 4 t  24.
In this case, if Nr stands for the conductor of Er , we have
r = 1 ⇒ the Kodaira type of Er is II and v(Nr) = 4,
r = −1 ⇒ the Kodaira type of Er is III and v(Nr) = 3,
r = ±2 ⇒ the Kodaira type of E is I ∗ and v(N ) = 6.r 0 r
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G = S˜4
d e G0,G1, . . .
136 24 A˜4,H8,H8,H8,H8,H8,
10︷ ︸︸ ︷
C2, . . . ,C2, {1}
100 24 A˜4,H8,C2, . . . ,C2︸ ︷︷ ︸
20
, {1}
76 24 A˜4,H8,C2,C2,C2,C2,C2,C2,C2,C2, {1}
64 24 A˜4,H8,C2,C2, {1}
Since v(Nr) = (24 + 8 + 2t − 4)/12, we conclude
r = 1 ⇒ t = 10 ⇒ d = 76,
r = −1 ⇒ t = 4 ⇒ d = 64,
r = ±2 ⇒ t = 22 ⇒ d = 100.
The ramification groups for each discriminant value are given in Table 10.
7. Global octahedral fields
Let f ∈ Q[x] be an irreducible quartic polynomial having decomposition field K such
that Gal(K/Q)  S4.
If the Galois embedding problem S˜4  S4  Gal(K/Q) is solvable, then its solutions
form a family of quadratic extensions of K having Galois group over Q isomorphic to S˜4.
The obstruction to the solvability of this embedding problem is given by Serre’s formula
E∗ = w(QK1)⊗ (2, dK1) and its solutions K(√rγ ) can be explicitly computed following
Crespo’s method. Both results, and references for them, are included in the second section
of [2]. We just have to replace there the base field Q2 by Q.
If K˜ is one of these global fields with Galois group over Q isomorphic to S˜4, then for
computational purposes we distinguish some subfields. Their corresponding degrees and
Galois groups are shown in the following diagram:
K˜
2
K
S3
V4
L
2C3K1
4
L1
3M
2
Q
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number field defined by a root of a cubic resolvent of f . Besides, L denotes the normal
closure of L1 and M the quadratic field Q(
√
df ).
Our goal now is the explicit determination of the ramification types of 2 both in K
and K˜ . Here, by explicit we mean that it can be described in terms of the quartic field K1,
the cubic field L1 and the quadratic field M . We can consider that in this kind of fields, once
a defining polynomial is given, the computation of discriminants and prime decompositions
is easy (cf. [3]).
8. Ramification of 2 in global S4 extensions
Let us begin with the S4 extension K/Q, without making yet any assumption on the
solvability of the corresponding embedding problem. Checking over the lattice of sub-
groups of S4 we see that all the extensions of Q2 having Galois group a subgroup of S4
have already been determined in the process of describing the extensions having Galois
group inside S˜4. Let us remark that the A4 and S4 extensions come from the Weil’s Ex-
ercises dyadiques as we described in [2]. From these local computations we obtain the
complete description of the arithmetic of 2 in a global S4 extension K/Q.
The possibilities are shown in Table 11, where we have denoted by V +4 the Klein group
determined by the products of disjoint transpositions, by V −4 any other Klein subgroup,
by C+2 a group generated by the product of two disjoint transpositions and by C−2 a
group generated by a transposition. Concerning the prime decompositions, we note that
the subindexes indicate the residual degree and concerning the discriminants, that we just
give their valuation at 2. Finally, we use the notation OF to indicate the ring of integers of
a number field F .
9. Ramification of 2 in global S˜4 extensions
Now we assume that the embedding problem S˜4  S4  Gal(K/Q) is solvable and
consider a solution K˜ .
For each possible ramification type of 2 in OK we determine the possibilities in OK˜ ,
considering the dyadic computations and the projection S˜4 S4, which acts over the lattice
of subgroups in the following way:
A˜4 SD16 D12 H8 D8 C8 S3 C6 C4 V4 C3 CB2 C
A
2
A4 D8 S3 V
+
4 V
−
4 C4 S3 C3 C
+
2 C
−
2 C3 C
−
2 {1}
Note that we will write CA2 for the kernel of the projection and CB2 for any other sub-
group of S˜4 of order 2.
First of all, from Table 11 and the local study, we see that some ramification types
that occur in a S4 extension do not correspond to any of the possible situations in an S˜4
extension K˜/Q , namely the ramification groups cannot be ‘lifted’ in an effective way.
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Ramification of 2 in an extension K/Q with Galois group S4
G−1,G0,G1,G2, . . . in K/Q OK1 dK1 OL1 dL1 OM dM
{1} p1p′1p′′1p′′′1 0 p1p′1p′′1 0 p1p′1 0
C−2 p1p′1p2 0 p1p2 0 p2 0
C+2 p2p′2 0 p1p′1p′′1 0 p1p′1 0
C3 p1p3 0 p3 0 p1p′1 0
C4 p4 0 p1p2 0 p2 0
S3,C3 p
3
1p
′
1 2 p
3
1 2 p2 0
C−2 ,C
−
2 ,C
−
2 p
2
1p
′
1p
′′
1 2 p
2
1p
′
1 2 p
2
1 2
C−2 ,C
−
2 ,C
−
2 ,C
−
2 p
2
1p
′
1p
′′
1 3 p
2
1p
′
1 3 p
2
1 3
V−4 ,C
−
2 ,C
−
2 p
2
1p2 2 p
2
1p
′
1 2 p
2
1 2
V−4 ,C
−
2 ,C
−
2 ,C
−
2 p
2
1p2 3 p
2
1p
′
1 3 p
2
1 3
C+2 ,C
+
2 ,C
+
2 p
2
1p
′
1
2 4 p1p′1p′′1 0 p1p′1 0
V−4 ,C
+
2 ,C
+
2 p
2
1p
′
1
2 4 p1p2 0 p2 0
C+2 ,C
+
2 ,C
+
2 ,C
+
2 p
2
1p
′
1
2 6 p1p′1p′′1 0 p1p′1 0
V−4 ,C
+
2 ,C
+
2 ,C
+
2 p
2
1p
′
1
2 6 p1p2 0 p2 0
V−4 ,V
−
4 ,V
−
4 ,C
+
2 ,C
+
2 p
2
1p
′
1
2 6 p21p
′
1 2 p
2
1 2
V−4 ,V
−
4 ,V
−
4 ,C
−
2 ,C
−
2 p
2
1p
′
1
2 5 p21p
′
1 3 p
2
1 3
V+4 ,C
+
2 ,C
+
2 p
2
2 4 p1p
′
1p
′′
1 0 p1p
′
1 0
C4,C
+
2 ,C
+
2 p
2
2 4 p1p2 0 p2 0
D8,V
−
4 ,V
−
4 p
2
2 4 p
2
1p
′
1 2 p
2
1 2
V+4 ,C
+
2 ,C
+
2 ,C
+
2 p
2
2 6 p1p
′
1p
′′
1 0 p1p
′
1 0
C4,C
+
2 ,C
+
2 ,C
+
2 p
2
2 6 p1p2 0 p2 0
D8,V
−
4 ,V
−
4 ,C
+
2 ,C
+
2 p
2
2 6 p
2
1p
′
1 2 p
2
1 2
S4,A4,V
+
4 p
4
1 4 p
3
1 2 p2 0
D8,V
+
4 ,V
+
4 p
4
1 6 p1p2 0 p2 0
A4,V
+
4 ,V
+
4 p
4
1 6 p3 0 p1p
′
1 0
V+4 ,V
+
4 ,V
+
4 ,C
+
2 ,C
+
2 p
4
1 8 p1p
′
1p
′′
1 0 p1p
′
1 0
D8,V
+
4 ,V
+
4 ,C
+
2 ,C
+
2 p
4
1 8 p1p2 0 p2 0
S4,A4,V
+
4 ,V
+
4 ,V
+
4 ,V
+
4 ,V
+
4 p
4
1 8 p
3
1 2 p2 0
D8,D8,D8,V
+
4 ,V
+
4 ,C
+
2 ,C
+
2 p
4
1 9 p
2
1p
′
1 3 p
2
1 3
D8,D8,D8,V
−
4 ,V
−
4 ,C
+
2 ,C
+
2 p
4
1 10 p
2
1p
′
1 2 p
2
1 2
C4,C4,C4,C4,C
+
2 ,C
+
2 p
4
1 11 p
2
1p
′
1 3 p
2
1 3
D8,C4,C4,C4,C
+
2 ,C
+
2 p
4
1 11 p
2
1p
′
1 3 p
2
1 3
D8,D8,D8,C4,C4,C
+
2 , . . . ,C
+
2︸ ︷︷ ︸
4
p41 11 p
2
1p
′
1 3 p
2
1 3
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(1) v2(dK1) = 4 and v2(dL1) = 0;
(2) v2(dK1) = 4, v2(dL1) = 2, and v2(dM) = 2;
(3) v2(dK1) = 3 and 2 = p21p2 in OK1 ;
(4) v2(dK1) = 6 and 2 = p3 in OL1 ,
then the Galois embedding problem S˜4 S4  Gal(K/Q) is not solvable.
Once we rule out these cases, we compute the ramification of 2 in an octahedral field K˜ .
Theorem 3. Let K/Q be an extension with Galois group S4 such that the embedding
problem S˜4 S4  Gal(K/Q) is solvable.
Then, one of the conditions (explicitly computable from a quartic polynomial having
Galois field K) in the first column of Table 12 is satisfied. The corresponding possible
ramification chains for the prime 2 in an octahedral extension K˜/Q solution of the embed-
ding problem are those shown in the second column of Table 12.
For a fixed K , among the family of solutions K˜/Q we can always find all the possible
ramification types.
Let us see that, for K fixed, the family of solutions of the embedding problem realizes
all the possible ramification types. Recall that this family is K(√rγ ), where K(√γ ) is a
particular solution and r ∈ Q∗.
From the local study we have that all the possible ramification types can be found among
K(
√±γ ) and K(√±2γ ). Concretely, twisting has the following effect over the chain of
ramification groups:
(1) If either v2(dK1) = 0, or v2(dK1) = 2 and v2(dM) = 0, or v2(dK1) = 4, then there are
three possible chains of ramification groups, of lengths l1 < l2 < l3, and we have
K(
√
γ ) K(
√−γ ) K(√2γ ) K(√−2γ )
l1 l2 l3 l3
l2 l1 l3 l3
l3 l3 one l1 and the other l2
(2) If either v2(dK1) = 2 = v2(dM), or v2(dK1) = 6, v2(dM) = 0 and 2 = p41 a K1, in each
corresponding case we have two possible chains of ramification groups, of lengths
l1 < l2, and
K(
√
γ ) K(
√−γ ) K(√2γ ) K(√−2γ )
l1 l1 l2 l2
l2 l2 l1 l1
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Ramification of 2 in an extension K˜/Q with Galois group S˜4
Condition G0,G1,G2, . . . in K˜/Q
v2(dK1 ) = 0 {1}
CA2 ,C
A
2
CA2 ,C
A
2 ,C
A
2
v2(dK1 ) = 2, v2(dM) = 0 C3
C6,CA2 ,C
A
2 ,C
A
2
C6,CA2 ,C
A
2 ,C
A
2 ,C
A
2 ,C
A
2 ,C
A
2
v2(dK1 ) = 2 = v2(dM) CB2 ,CB2
and 2 = p21p′1p′′1 V4,V4,CA2 ,CA2
v2(dK1 ) = 2 = v2(dM) V4,V4
and 2 = p21p2 V4,V4,CA2 ,CA2
v2(dK1 ) = 3 CB2 ,CB2 ,CB2
V4,V4,C
B
2 ,C
B
2
v2(dK1 ) = 4 A˜4,H8,CA2 ,CA2
A˜4,H8,CA2 ,C
A
2 ,C
A
2 ,C
A
2 ,C
A
2 ,C
A
2 ,C
A
2 ,C
A
2
A˜4,H8,C
A
2 , . . . ,C
A
2︸ ︷︷ ︸
20
v2(dK1 ) = 5 D8,D8,V4,V4,CA2 ,CA2
v2(dK1 ) = 6, C4,C4,C4,CA2 ,CA2
v2(dM) = 0 and 2 = p41
v2(dK1 ) = 6, H8,H8,CA2 ,CA2
v2(dM) = 0 and 2 = p41 H8,H8,CA2 ,CA2 ,CA2 ,CA2
v2(dK1 ) = 6, v2(dM) = 2 D8,D8,C4,C4,CA2 ,CA2 ,CA2 ,CA2
v2(dK1 ) = 8, v2(dL1 ) = 0 H8,H8,C4,C4,CA2 ,CA2 ,CA2 ,CA2
v2(dK1 ) = 8, v2(dL1 ) = 2 A˜4,H8,H8,H8,H8,H8,
10︷ ︸︸ ︷
CA2 , . . . ,C
A
2
v2(dK1 ) = 9 SD16,SD16,D8,D8,C4,C4,
8︷ ︸︸ ︷
CA2 , . . . ,C
A
2
v2(dK1 ) = 10 SD16,SD16,H8,H8,C4,C4,
8︷ ︸︸ ︷
CA2 , . . . ,C
A
2
v2(dK1 ) = 11 C8,C8,C8,C4,C4,CA2 ,CA2 ,CA2 ,CA2
SD16,SD16,C8,C8,C4,C4,C4,C4,CA2 , . . . ,C
A
2︸ ︷︷ ︸
8
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relations are
K(
√
γ ) K(
√−γ ) K(√2γ ) K(√−2γ )
l1 l2 l1 l2
l2 l1 l2 l1
10. Examples
We finish presenting an example for each of the situations distinguished in the first
column of Table 12, so that among the solutions of the embedding problems we will find all
the possible ramification types of 2. We show a quartic field K1, which is defined by one of
the roots of the polynomial f , having normal closure S4, solvable embedding problem and
minimal discriminant (in absolute value), such that satisfies the corresponding condition.
Except for the last case, this condition uniquely determines the ramification in K/Q. When
v2(dK1) = 11, we can have two different decomposition types of 2 in OK , which are 2 =
p42p
′
2
4p′′2
4
and 2 = p81p′18p′′1 8. We provide an example for each of them.
dK1 f (X)
−283 = −20 · 283 X4 −X − 1
−2092 = −22 · 523 X4 −X3 − 3X2 + 3X + 2
−7492 = −22 · 1873 X4 −X3 − 2X2 − 2X − 4
−1588 = −22 · 397 X4 −X3 − 3X2 + 2
−8392 = −23 · 1049 X4 −X3 − 5X2 −X − 2
−688 = −24 · 43 X4 − 2X − 1
−3424 = −25 · 107 X4 − 3X2 − 2X + 2
−6848 = −26 · 107 X4 − 2X3 − 5X2 − 2X − 1
−3776 = −26 · 59 X4 − 2X3 − 2
−5184 = −26 · 34 X4 − 2X3 − 3X2 + 2X − 1
−21248 = −28 · 83 X4 + 2X2 − 4X − 2
−4864 = −28 · 19 X4 − 4X + 2
−12800 = −29 · 52 X4 − 4X2 − 4X − 3
−29696 = −210 · 29 X4 − 2X2 − 8X + 11
−26624 = −211 · 13 X4 − 8X2 − 8X + 2
−38912 = −211 · 19 X4 − 4X2 − 8X − 2
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